
A S Y M P T O T I C  S T A G E  O F  G R O W T H  O F  A V A P O R  B U B B L E  

V .  A .  K n y a z e v  UDC 536.423 

The asympto t ic  stage of growth of bubbles  which f o r m  at a surface  during the boiling of a 
sa tu ra ted  liquid is de te rmined  by inert ial  f o r c e s .  The calculated dependence of the 
bubble rad ius  on t ime obtained is conf i rmed  by exper imenta l  data .  

The idealization of the p rob l em  of vapor  bubble dynamics  (like any conjugate problem),  consis t ing 
in the substi tut ion of the p r o p e r  s y s t e m  of boundary conditions for  a comple te  joint examinat ion of the in- 
t e rac t ing  boundary phases ,  a s s u m e s  the select ion of a causal  d i ag ram of the phenomenon.  This  most  im-  
por tant  step of the ana lys i s  is often omit ted  e i ther  under the influence of t radi t ional  approaches  to the 
p rob l em or  because  of the apparent  obviousness .  

The re la t ive ly  s imple  example  of the asymptot ic  stage of growth of a vapor  bubble in a sa tura ted  
liquid is examined  below, analyzed f r o m  the posi t ions  of two different  causal  d i a g r a m s .  

The f i r s t  solutions of the p rob l em  of bubble growth in a uniformly heated liquid a re  widely known 
[1, 2]. 

The assumpt ion  that the growth of the bubble is l imi ted  by heat exchange between the heated liquid 
and the bubble is fundamental  in the solution of this  p rob l em.  Actually, the single constant fac tor  in this 
case  is the value AT = T L - - T  v (with the growth of the bubble T v approaches  the constant  value Ts) .  Then 
one can a s s u m e  that the asympto t ic  stage of growth, when the initial d i s tu rbances  have relaxed,  will be 
de te rmined  by this constant fac tor .  The p rob lem is reduced to the p rob l em of heat conduction in a liquid 
with the boundary condition 0T/OR = ( P v L A ) R  at the su r face  of the bubble (the causal  d i ag ram of Boshnya-  
kovich). 

The e x p e r i m e n t s  of Derga rabedyan  [3] fully conf i rmed  this ana lys i s .  

The other  c l a s s i ca l  case  is bubble growth f r o m  a superhea ted  surface  into a liquid sa tu ra ted  in bulk. 
The exper imenta l  r e s u l t s  of Cole ond Shulman [4] a re  p resen ted  in Fig.  2. The theoret ica l  studies of this 
case  of bubble dynamics  [5, 6] follow the causal  d i ag ram of the works  mentioned above [1, 2] and the ann- 
ly t ical  r e su l t s  natural ly  p rove  to be a lmos t  identical.  The law of bubble growth has the fo rm [5] 

4 IF~L~" (1) 
R - 3 V~ Ja 

In this c a s e ,  however,  the ag reemen t  of theory and exper iment  cannot be cons idered  success fu l .  

To begin with, equations of the type (1) contain only one p a r a m e t e r  of the p rocess ,  the Jacob num-  
b e r  (the initial superheat) ,  and while differing in the values  of the numer ica l  coeff icients  they a lways yield 

unique solution R(T) for  a given value of Ja .  At the same t ime the exper imenta l  data a lways have a l a rge  
separa t ion  at identical values  of Ja, which was indicated e a r l i e r  in [7]. Apparently,  sa t i s fac to ry  a g r e e -  
mea t  with exper iment  cannot be obtained without radica l  r e s t ruc tu r ing  of the theore t ica l  d i ag ram of the 
p r o c e s s .  The following quali tat ive cons idera t ions  a r e  convincing in this r e spec t .  

As es tab l i shed  by the direct  m e a s u r e m e n t s  of Jacobs  and Shade [8], a thin l aye r  of superhea ted  
liquid (5 ~ 0.127 ram, carbon te t rachlor ide)  exis ts  around a bubble which has separa ted  f r o m  the heating 
su r face .  The "surp lus"  heat content of this superheated  l aye r  p rov ides  p r i m a r i l y  for the growth of the 
vapor  bubble.  But this is a re laxat ion p r o c e s s  in which no constant  fac tor  ex i s t s  to maintain the devia-  
tion f r o m  equi l ibr ium.  It is natural  to a s sume  that dynamic re laxat ion must  take place most  rapidly  under 
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Fig. 1 Fig. 2 
Fig. 1. Time dependence of bubble radius:  1) data of [4]; 2) calculation f rom Eq. (1); 3) 
calculation f rom Eq. (6). 

Fig. 2. Comparison of theoret ical  and experimental  resu l t s  (aw = 15~ P~o = 98 torr ,  
water): 1) calculation f rom an equation of the type (1) [6]; 2) calculation f rom an equa- 
tion of the type (1) [5]; 3) calculation f rom (1); 4, 5, 6) calculation f rom (6) for points 
4, 5, and 6, respect ive ly .  R, 10 -3 m; % 10 -~ sec.  

these conditions and the evolution of the bubble will be determined by the condition PL = idem = Poo of 
uniformity of the p re s su re  throughout the liquid. This is the formulation of the 81ternative causal d iagram 
of the p roce s s  under considerat ion.  

The assumption of uniformity of the p res su re  throughout the liquid makes it possible to immediately 
draw several  conclusions.  

The p re s su re  of the vapor  in the bubble is 

2~ 2~ 
P~ = PL + -- P~ ~ , 

R R 

and since by definition p~o is the p r e s s u r e  of the saturated liquid, the bubble must be superheated by the 
value 

= T v - -  T~ ~_~ 2oT~ (2) 
Lp~R 

Since R(T) iS determined by the condition PL = idem = poo, the heat flux f rom the superheated layer  into the 
bubble (the flux of evaporation) is 

- - X  0 7 '  = Lpv/~, (3) 
OR 

and consequently the effective thickness of the thermal  boundary layer  around the bubble will also be de-  
termined by the indicated dynamic condition. 

The upper l imit  of this stage of bubble growth (Rma x, Tmax) will be determined by the surplus 
heat content in the superheated l ayer  of liquid, i . e . ,  

3 < PL%~w 6oR~ R . . . .  p~-----F-- ' (4) 

where R 0 has a value on the o rder  of the separation size while the thickness 5 of the superheated boundary 

l aye r  around the bubble is 

X~  (5) 
6~  LP~Ro " 

Thus, with the condition P:L = idem = Poo the Rayleigh equation takes the fo rm 
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while its f i r s t  integral  is 

Finally, 
R3R 2 = ~. 

2,5 R ~'~-R~=0 =: 2.5~t~ 

Usually in the asymptot ic  stage of g r o ~ h  one can neglect RT=  0 in compar i son  with R, so that 

R ==(-9.5) 0.4 0 2 T 0 ~  (6) 

For  the de te rmina t ion  of the integrat ion constant  # it is r equ i red  that R and R be given at an a r b i -  
t r a r y  t ime,  which accord ing  to (2) and (3) is equivalent to giving the t e m p e r a t u r e  and its gradient  ~t the 
sur face  of the bubble. 

Thus,  with our causal  d i ag ram the theory  gives  an additional p a r a m e t e r  of the initial s ta te  p rov id-  
ing for  the different values  of R(r) for  single values  of the initial superheat  Ja .  Th is  resu l t  is quite regu-  
l a r  f r o m  the point of view of the theory  of activation of c en t e r s  of vapor  fo rmat ion  at heating sur faces ,  
f r o m  which it follows that different  va lues  of R 0 co r r e spond  to different  cen te r s  of vapor  fo rmat ion  (nuclei) 
at the same va lues  of ~w. 

A compar i son  with (1) shows that Eq. (6) gives s lower  bubble growth. 

Data of [4] a re  p re sen ted  in Fig .  1 in the f o r m  of the dependence of R / R  l on r / " r  t (R1 and "r 1 a r e  the 
m a x i m u m  exper imenta l  va lues  of R and T in [4]). 

F o r  long bubble l i fe t ime r .~10 -2 sec the growth of the l a t t e r  is descr ibed  by Eq. (6). Fo r  s m a l l e r  
va lues  of T the exponent n i n c r e a s e s  and apparent ly  n ~ 1 as  ~- ~ 0, which co r r e sponds  to the Rayleigh 
stage of bubble growth.  

In Fig.  2 we p re sen t  ca lcula ted  va lues  of R(r) obtained f r o m  equations of the type (1) (curves  1, 2, 3) 
and f rom Eq. (6) (curves  4, 5, 6 for  the cor responding  cases ) .  

Since R and R must  be given at a ce r t a in  t ime for  the calculat ion of p, these values  were taken f r o m  
expe r imen t .  It is not poss ib le  to calculate  # f r o m  the initial heat exchange p a r a m e t e r s  since the n e c e s s a r y  
information is absent  f r o m  [4]. 

In conclusion let  us e s t ima te  the upper l imit  of the stage of bubble growth under considera t ion  for 
the exper imenta l  conditions of [4] ($w = 15~ P~o = 98 to r r ) .  

The th ickness  of the l a y e r  of superhea ted  liquid [Eq. (5)] surrounding the bubble a f t e r  its separa t ion 
f r o m  the wall is 5 ~ 2.10 -4 m (it is in teres t ing to compare  this with the data of Jacobs  and Shade [8]). 

The upper  l imi t  of this s tage of growth [Eq. (4)] is de te rmined  by the values  Rma x ~ 2- 10 -2  m and 
T m a  x ~ 5.6"  10 -2 s e e .  The exper imenta l  values  of [4] do not exceed the l imi t s  of this region.  

N O T A T I O N  

R, radius  of bubble; r ,  t ime;  (L coefficient of surface  tension; Pv, vapor  density; PL, liquid density; 
k, t he rma l  conductivity coefficient  of liquid; ~, superheat  of bubble; ~w, superheat  of wall; L, latent  heat 
of evaporat ion;  Ja, Jacob number;  a L, t he rma l  dtffusivity coefficient; T s, sa tura t ion t empera tu re ;  p~, 
p r e s s u r e  in bulk of l iquid. 
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